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ABSTRACT 

We give an example of a pair of Banach spaces E and F so that neither E' nor F 
has cotype 2, but every bounded linear operator from E into F factors through Hil- 
bert space. 

Let E and F be Banach spaces. Denote by L ( E , F )  the space o f  all bounded lin- 

ear operators  f rom E into F. An  opera tor  T E  L ( E , F )  is said to factor  th rough a 

Hilbert space if there is a Hilbert space H and operators  R ~ L ( H , F )  and S E 

L ( E , H )  such that  T -- RS. The space o f  all such opera tors  is denoted  by 

I ' 2 (E ,F) .  A considerable amount  is known concerning the coincidence o f  L ( E , F )  

and I ' 2 ( E , F ) .  For  instance, if either E or F has the GL property,  and if both E '  

and F a r e  cotype 2, then L ( E , F )  = I ' 2 ( E , F  ) . If  we do not assume the GL prop- 

erty, then it is known that every approximable operator  in L(E,  F) factors through 

a Hilbert space if both E '  and F are cotype 2. Of  course, L ( E , F )  = I '2(E,F) is 

also true if either E or  F is Hilbertian. All o f  the results quoted above may be 

found  in the lecture notes o f  Pisier [P], where the fac tor iza t ion quest ion is 

thoroughly  discussed. In Remark  4.10 in [P], the converse direction to the above 

results is considered. More precisely, assume that every approximable  opera tor  

f rom E to F belongs to I ' 2 (E ,F ) ,  is one o f  the following condit ions necessarily 

true: 

(a) E or F is Hilbertian, 

(b) E'  and F have cotype 2? 

In this note,  we show that the answer to the above question is negative. The 
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au thor  thanks  Professor  Pisier for  point ing out  this quest ion to h im and for  sug- 

gesting that  he try the approach  used below. 

THEOREM 1. There are Banach spaces E and F with L (E, F )  = I'2 (E, F)  while 

neither E '  nor F has cotype 2. 

O f  course,  the cotype condit ion also rules out the possibili ty that  either E or F 

is Hi lber t ian.  The  spaces E and F will be /2 - sums  o f  finite d imensional  t p spaces 

where p approaches  2. For  1 _< p _< ~ ,  we denote  by p '  the conjugate :  p - 1  + 

( p , ) - i  = 1, 1' = 0% oo' = 1. The  crucial ingredient in the p roo f  is supplied by the 

following result o f  Pelczyfiski and Rosenthal  [PR]: 

THEOREM 2. Let  n be a natural number  and let e > 0 be given. There is a 

6( n, e ) > O such that i f  l p - 2[ _< 6 (n , e ) ,  then every subspace G o f  l p with dim G _< 

n is (1 + c ) -complemen ted  and (1 + e)- isomorphic  to 12(dim G) .  

To prove Theo rem 1, let r (n )  = 2 + 6 ( n , l )  for  all n _> 1. We define four  se- 

quences (p i ) ,  (qi) ,  (mi)  and (hi) inductively as follows. Let ql = m~ = nl = 1, 

and  let p~ = r ( m l ) .  I f  Pi, qi, mi and n i have been chosen for  i _< k, let qk+~ 

be such that  qL.+l = r(n~ + . . .  + nk). Now choose the integer mk+~ to satisfy 

mJ/qk+~-l/2 > k + 1. Finally, letpk+~ = r(m~ + . . . +  mx+~) and then choose  the 
k + l  

1/2--¿/pk+~ integer nk+l to satisfy nk+ 1 >_ k + 1. Consider  E = ( (~lqi (mi)) l  2 and F = 

((~lPi(ni))12. It is clear that  bo th  E '  and F fail cotype  2. Every  T E  L ( E , F )  has 

an obvious matrix representation T = (T/j), where T/j:lqJ(mg) ~ lpi(ni). For  all i, 

define F, = range T,z + • • • + range T~i C lPi(ni). Note  that  d im ~ < m~ + • • • + 

mi. By choice of  Pi,  Fi is 2 - i somorph ic  to 12(dimFi)  and 2 - complemen ted  in 

lpi(ni).  Let P i : l m ( n i )  ~ lP'(ni) be a p ro jec t ion  of  n o r m  _< 2 onto  F,, and let 

J i :F ,  --* 12(dim F, .) be an i somorph i sm with ]]Js]] < 1, ]]J/-~ ][ __% 2. Then  P : F ~ F  

given by P ( x t , x 2  . . . .  ) = (P1x I ,P2x2  . . . .  ) is a p ro jec t ion  on to  ( @ ~ ) / 2  with 

n o r m  _< 2. Also J :  (@F,)?- -~ (@12(d im~) ) /2  given by J ( x l , x 2  . . . .  ) = (J lx2,  

Jzx2 . . . .  ) is an i somorph i sm w!ith ]]J]] _< 1, []j-1H -< 2. Thus  the d iag ram 

(@12 (dim G )  )/2 

JPT / j -  I 

/ 
P T  

E , F 

commutes .  Hence  P T  E F 2 ( E , F ) .  Let (Sij) be the matr ix  representa t ion of  the 

m a p  T - PT ,  with Sii : lqJ(mj) --' lPi(ni). A direct compu ta t i on  reveals that  S u = 

0 for i _> j .  Hence,  using the choice of  the sequence (qj),  the above argument  may  
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be applied to show that (T - PT) '  E I'2(F',E'). Consequently, T -  P T  E 

F2(E,F). But then T =  ( T -  PT)  + P T E  F2(E,F). This completes the proof of 
Theorem 1. 
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